Let Z be a subset of the spectrum of a local ring R stable under specialization and let N be a d-dimensional finitely generated R-module. It is shown that H d Z ðNÞ, the dth local cohomology module of the sheaf associated to N with support in Z, vanishes if and only if for every d-dimensional p 2 AssR RN N, there is a q 2 Z such that dimR R=ðqR R þ pÞ > 0. Applying this criterion for vanishing of H d Z ðNÞ, several connectedness results for certain algebraic varieties are proved.
INTRODUCTION
It was discovered by J. Rung ½15 that local cohomology yields connectedness results. Since then, several authors have used local cohomology as a powerful tool in their investigation of connectedness of algebraic varieties (see e.g., ½3;6À8 ). What is used from local cohomology are the Lichtenbaum-Hartshorne vanishing theorem and the Mayer-Vietoris sequence. Several proofs for the Lichtenbaum-Hartshorne have been given (see e.g., [4, 5] ). On the other hand, G. Lyubeznik ½13 extends this result to e 0 tale cohomology. He also has shown the following generalization of the Lichtenbaum-Hartshorne vanishing theorem for a locally closed subscheme Y of a separated scheme of finite type over a field X . Let d ¼ dim X . Then for all quasi-coherent sheaves F on X , H d Y ðX ; F Þ ¼ 0, if and only if every connected component of the preimage of Y in every top-dimensional irreducible component of the normalization of X red is non-proper (see [12] ). Recall that a subset Z of Spec R is stable under specialization (s.u.s. for short) if V ðpÞ & Z, whenever p 2 Z. One can see easily that there is a one to one correspondence between the s.u.s. subsets of Spec R and the families of supports of Spec R (see [9, page 218] ) for the definition of family of supports). In the case X ¼ SpecR, we focus our attention on s.u.s. subsets of X and prove the Lichtenbaum-Hartshorne vanishing theorem for this class of subsets of X . This result will be proved in 2.8. In the proof of 1.1, we use the fact that there is a one to one correspondence between the s.u.s. subsets of Spec R and the full systems of ideals of R (see 3.1) . In this article we use this fact several times. A non-empty subset F of ideals of R is called a system of ideals if, whenever a; b 2 F there exists c 2 F such that c ab. A system of ideals F is called full if, whenever a 2 F and b is an ideal of R with a b then b 2 F.
Our technical tool for proving 1.1 is the following lemma. 
where F denotes the system of ideals of R corresponding to Z (see 2.6 for the proof of this result). This result is not only used in the proof of 1.1, but also it immediately implies that H d Z ðN Þ is an Artinian R-module. The Artinianess of H d Z ðN Þ is the main result of ½2 : In section three, by applying the generalization of the LichtenbaumHartshorne theorem, we deduce several connectedness results. Mainly, we are able to generalize the known results for the closed subsets of the spectrum of a local ring to its stable under specialization subsets. In particular, we deduce the following far reaching generalization of Faltings' connectedness result (see [7, 8] ), it also extends. 
All rings considered in this paper are assumed to be commutative and Noetherian (with identity).
THE LICHTENBAUM-HARTSHORNE VANISHING THEOREM
The purpose of this section is to give an explicit computation of H We shall use the following result in the proof of proposition 2.2, which is in turn our fundamental tool in this section.
Lemma 2.1. Let ðR; mÞ be a local ring and F a system of ideals of R. Let \ n i¼1 Q i ¼ 0 be a minimal primary decomposition of the zero submodule of the finitely generated R-module N. Then \
where T ¼ fp i 2 Ass R N : there exists a 2 F such that dim R=ða þ p i Þ > 0g:
There is an integer l such that c l N \ p i 2O Q i . For each a 2 F, it follows that the ideal c þ a is m-primary and so
Hence we may choose a prime ideal q such that a þ p i q 7 = m. For a given n 2 N, we have m l x a n N for sufficiently large integer l. It turns out that x=1 2 a n N q , for all n 2 N. Therefore x=1 ¼ 0 in N q by Krull's intersection theorem. Hence sx ¼ 0 for some s 2 Rnp i . This implies x 2 Q i . Therefore
The first author would like to thank Professor Peter Schnezel who pointed out that 2.2 holds for the special case F ¼ fa n g n!0 .
Proposition 2.2. Let ðR; mÞ be a local ring and F a system of ideals of R. Let N and M be two finitely generated R-modules. Then there is a functorial isomorphism
ðaHom R ðN ; MÞ : Hom R ðN;MÞ hmiÞ:
Proof. It is well known (and can be checked easily) that if \ n i¼1 Q i is a minimal primary decomposition of the zero submodule of an R-module L, with Q i a p i -primary submodule, and S is a multiplicatively closed subset of R, then Remark and notation 2.3. (i) Let a be an ideal of R and N (resp. A) a Noetherian (resp. Artinian) R-module. For a submodule M of N we denote the ultimate constant value of the increasing sequence
by M : N hai. Also, we denote the least element of the sequence fa i Ag i2N by haiA.
(ii) Let ðR; mÞ be a local ring. Denote the faithfully exact functor Hom [17, x5.4] that M lm ¼ M and K ml ¼ K. Moreover one can check easily that, if fK i g i2L is a family of submodules of N Ã then,
We shall use the following lemma in the proof of 2.6.
Lemma 2.4. Let ðR; mÞ be a complete local ring and N a finitely generated R-module. Let F be a system of ideals of R. Then
ðiiÞ If F 6 ¼ fRg, then N is F-adically complete ði.e., the natural map
N=aN is an isomorphismÞ. ðiiiÞ If F 6 ¼ fRg, then the inverse system fN=aNg a2F with the natural induced maps denes an inverse system fH 0 m ðN=aNÞg a2F such that
But the kernel of this map is M l as can be seen easily ðm; l are as in 2.3). On the other hand, we have
It turns out by [17, Theorem 5.21] , that
for all a 2 F, and hence M l ¼ P a2F hmið0 : N Ã aÞ, because N l ¼ 0. This finishes the proof of (i).
( (iii) Let b be a proper ideal of R such that b 2 F. It is easy to see that \ a2F aN \ n!0 b n N . Hence, by Krull's intersection theorem, \ a2F aN ¼ 0. Hence, in view of (ii) the proof is a straightforward modification of the proof of [16, Lemma 2.3] . u 3692 DIVAANI-AAZAR, NAGHIPOUR, AND TOUSI Let C R denote the category of all R-modules and R-homomorphisms. Let F be a system of ideals of R. Such a system of ideals F determines the F-torsion functor G F ðÁÞ : C R À! C R . This is the subfunctor of the identity functor on C R for which G F ðMÞ :¼ fx 2 M : ax ¼ 0 for some a 2 Fg; for each R-module M. [1, 2.1] Finally, we treat the case of an arbitrary local ring ðR; mÞ. To do so, put R 1 :¼ R=Ann R N . By the Cohen structure theorem there exist a d-dimensional complete Gorenstein local ring S such thatR R 1 ffi S=b for a certain ideal b of S. For any ideal a of R, let a 0 denote the preimage of aR R 1 in S. Let C be the set of all finite products of elements of fa 0 : a 2 Fg. Then it is easy to see that C is a system of ideals of S and that the system of ideals FR R 1 :¼ faR R 1 : a 2 Fg is cofinal in CR R 1 . It follows from 2.5 (ii) and [ 
2, Lemma

(i)] that
Since H 
Also, by [4, Theorem 7.3.2] ,
Consequently, the claim results from 2.1 and the following easy observation. Let M be a finitely generated R-module and let 0 ¼ \ Proof. First we observe that the equivalence of (i), (ii) and (iii) follows from 2.6 and 2.7. Note that for an Artinian R-module A, we have A ¼ 0 if and only if Att R ðAÞ ¼ ;.
To complete the proof, it is enough to show the equivalence of (iii) and
As we have mentioned in the proof of 2.7,
Suppose (iv) holds. Then \ a2F ðaM : M hmiÞ \ a2F aM. The second term is zero by Krull's intersection theorem and, so (iii) holds by 2.1. Let (iii) hold. For a given a 2 F, the subset
of F forms a system of ideals of R. Since for any b 2 F, there is a c 2 C such that c ab, we can and do replace F by C. Hence, by 2.1,
Now, because the module aM : M hmi=aM has finite length, (iv) follows from the following proposition. u
Note that 2.8 generalizes [5, Corollary 3.4] . The following proposition extends a version of Chevalley's theorem which is proved in [14, Lemma 3.3] .
Proposition 2.9. Let ðR; mÞ be a complete local ring and M a submodule of a finitely generated R-module N. Let fN j g j2J be a collection of submodules of N such that for each j; k 2 J, there is l 2 J with N l N j \ N k . Assume that the family fM þ N j g j2J has a minimal element. Then there is j 0 2 J such that
Proof. Replacing N by N=\ j2J N j , we can assume that \ j2J N j ¼ 0. By assumption, there exists k 2 J such that M þ N k is a minimal element of the family fM þ N j g j2J . In fact the hypothesis on fN j g j2J implies that M þ N k is the least element of this family.
To complete the proof, it is enough to show that this intersection is equal to M. To this end, note that if M 1 and M 2 are submodules of N, then
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The hypothesis on fN j g j2J implies that
On the other hand, since by 2.
CONNECTEDNESS THEOREMS
In this section we examine connectedness of certain subsets of Spec R. In fact via the generalized Lichtenbaum-Hartshorne vanishing theorem and the generalized Mayer-Vietoris sequence (see 3.4), we are able to extend some previously known connectedness results. To this end we recall some notation and definitions for use in the sequel. Recall that a subset Z of SpecR is stable under specialization (s.u.s. for short), if whenever p 2 Z and q is a prime ideal of R with p q, then q 2 Z. A system of ideals F is called full if, whenever a 2 F and b is an ideal of R with a b, then b 2 F. The following result illustrates a close relationship between full systems of ideals and s.u.s. subsets of R (see e.g., [18, Lemma 2.3] ). , is another connection between the notion of ''s.u.s. subsets'' and that of ''full systems of ideals''. In the sequel we shall use the following version of Mayer-Vietoris sequence, which can be proved by a slight modification of the proof of [4, 3.2.3] . For presenting this result, we need the following remark. which obviously coincides with our definition. Let ðI; Þ be a (non-empty) directed partially ordered set. A system of ideals of R over I is a family F ¼ fa i g i2L of ideals of R satisfying the following conditions: 1) if i; j 2 I with j i, then a i a j and, 2) for all i; j 2 I, there exists k 2 I such that k ! i; k ! j and a k a i a j .
(ii) Let F 1 ¼ fa i g i2I and F 2 ¼ fb i g i2I be two systems of ideals of R. It easily can be checked that
is also a system of ideals. In view of [4, Proposition 3.1.1(iii)] and the fact that F 1 F 2 :¼ fa i b i g i2I is a system of ideals, it is enough to show that for each i 2 I, there is j 2 I such that a j \ b j a i b i . To this end, note that for a given i 2 I, by the Artin-Rees lemma, there exists c 2 N such that a
Now, there is j 2 I such that a j a (iii) For a system of ideals F ¼ fa i g i2I and an ideal b of R, put 
Now, we are ready to establish our first connectedness result. Let F be a system of ideals of R and N a finitely generated R-module. We shall denote minfgradeða; N Þ : a 2 Fg by grade ðF; N Þ. Since H Note that 3.5 extends [5, Lemma 4.5] . In the rest of this section, we use Min R M (resp. Assh R N ) to denote the subset fp 2 Ass R N : p is minimal in Ass R N g (resp. fp 2 Ass R N : dim R=p ¼ dim N gÞ of Ass R N .
